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Multiharmonic Forced Response
Analysis of a Turbine Blading
Coupled by Nonlinear Contact
Forces
In turbomachinery applications, the rotating turbine blades are subjected to high static
and dynamic loads. The static loads are due to centrifugal stresses and thermal strains
whereas the dynamic loads are caused by the fluctuating gas forces resulting in high
vibration amplitudes, which can lead to high cycle fatigue failures. Hence, one of the
main tasks in the design of turbomachinery blading is the reduction in the blade vibration
amplitudes to avoid high dynamic stresses. Thus, coupling devices like underplatform
dampers and tip shrouds are applied to the blading to reduce the vibration amplitudes
and, therefore, the dynamic stresses by introducing nonlinear contact forces to the system.
In order to predict the resulting vibration amplitudes, a reduced order model of a
shrouded turbine blading is presented including a contact model to determine the non-
linear contact forces. To compute the forced response, the resulting nonlinear equations
of motion are solved in the frequency domain using the multiharmonic balance method
because of the high computational efficiency of this approach. The transformation from
the time domain into the frequency domain is done by applying Galerkin’s method in
combination with a multiharmonic approximation function for the unknown vibration
response. This results in an algebraic system of nonlinear equations in the frequency
domain, which has to be solved iteratively in order to compute the vibration response.
The presented methodology is applied to the calculation of the forced response of a
nonlinear coupled turbine blading in the frequency domain. �DOI: 10.1115/1.4000266�
Introduction
The rotor blades of a low pressure �LP� steam turbine stage are

ubjected to high static and dynamic loads during operation. The
tatic loads are mainly due to the centrifugal force and thermal
trains, whereas the dynamic loads are caused by fluctuating gas
orces resulting in forced vibrations of the blades. The forced
ibrations can lead to high cycle fatigue �HCF� failures causing
ubstantial damage and high maintenance effort. Thus, one of the
ain tasks in the design of LP steam turbine blading is the vibra-

ion amplitude reduction in order to avoid high dynamic stresses
hat could damage the blading. The vibration amplitudes of the
lades in a LP steam turbine stage can be reduced significantly to
reasonable amount if adjacent blades are coupled by shroud

ontacts that reinforce the blading, see Fig. 1. Furthermore, in the
ase of blade vibrations, relative displacements between neighbor-
ng blades occur in the contacts and friction forces are generated
hat provide additional damping to the structure due to the energy
issipation caused by microslip and macroslip effects. Therefore,
he coupling of the blades increases the overall mechanical damp-
ng. A three-dimensional structural dynamics model including an
ppropriate spatial contact model is necessary to predict the con-
act forces generated by the shroud contacts and to describe the
ibrational behavior of the blading with sufficient accuracy. To
ompute the nonlinear forced vibrations of the coupled blading,
he nonlinear equations of motion �EQM� are solved in the fre-
uency domain owing to the high computational efficiency of this
pproach. The transformation of the nonlinear equations of motion
nto the frequency domain can be carried out by representing the
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steady-state displacement in terms of its harmonic components.
After that transformation, the nonlinear forced response is com-
puted as a function of the excitation frequency in the frequency
domain.

One of the first models for the analysis of a turbine blading
coupled by shrouds with a higher level of detail was published in
Ref. �1�. In this publication, the authors developed useful guide-
lines for the design of the shroud contact angle. More sophisti-
cated models for the dynamics of a turbine blading coupled by
shrouds can be found in Refs. �2,3�. In these publications, the
contact model developed by the authors has been extended from a
two-dimensional contact model to a full three-dimensional contact
model capable to represent the stick, the slip, and the separation
contact condition. In Ref. �4�, a model for the vibration analysis of
the blades coupled by shrouds was presented including a contact
model, which is based on a spatial discretization of the contact
surface in combination with a quasi three-dimensional contact
model. The quasi three-dimensional contact model is also pre-
sented in Ref. �5�. This contact model is also applied in Ref. �6� to
an underplatform damper with flat contact surfaces �cottage roof
damper�. The descriptions of actual design concepts for turbine
bladings coupled by shroud contacts can be found in Refs. �7,8�.
An analysis of the resulting friction damping generated in shroud
and snubber contacts of a LP steam turbine blading is given in
Ref. �9�.

In all the mentioned publications, the classical harmonic bal-
ance method that uses only the fundamental harmonic component
for the transformation into the frequency domain was applied in
order to compute the nonlinear forced response in the frequency
domain. However, it was noted in many publications that this
single harmonic approximation was often unable to accurately
capture the nonlinear forced response, see Poudou and Pierre �10�
for example. Therefore, the multiharmonic balance method

�MHBM� was developed, which uses a multiharmonic approach
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Downlo
or the transformation of the nonlinear equations of motion into
he frequency domain instead of a monofrequent approach. The

ultiharmonic balance method is able to accurately and efficiently
redict the nonlinear forced response of coupled turbine bladings
s shown in Refs. �11–13�, for example.

In this paper, the multiharmonic balance method is applied to
he analysis of a cyclic symmetric shrouded turbine blading in
rder to compute the nonlinear forced response. Exploiting the
yclic symmetry of the system, it is possible to represent a full
laded disk model by a single cyclic sector model reducing the
ize of problem. An efficient procedure has been developed that
omputes the nonlinear contact forces as well as the correspond-
ng tangent stiffness matrix. The proposed multiharmonic balance

ethod for cyclic symmetric systems is exemplified on a finite
lement model of a shrouded turbine blading.

Dynamic Model of a Turbine Blading With Friction
ontacts

2.1 EQM of the Turbine Blading. The EQM of a tuned tur-
ine blading with shroud contacts will be derived in this section.
n Fig. 2, a schematic diagram of a turbine blading coupled by
hrouds is shown. Because the considered blading is assumed to
e tuned, the bladed disk is composed of ns segments with iden-
ical mechanical properties, that is, mistuning effects are ne-
lected. This implies that all shroud contacts are assumed to have
lso identical mechanical properties. This so-called cyclic symme-
ry of the structure makes it possible to compute the nonlinear
ynamics of the shrouded turbine blading just based on a single
egment model using appropriate cyclic symmetry constraints,
.g., Refs. �10,12�. The starting point for the derivation the gov-
rning EQM of the cyclic segment model is an isolated single
egment model subjected to a periodic excitation force and to
onlinear contact forces at the shroud, see Fig. 2. The cyclic seg-
ent model of the considered shrouded turbine blading is then

btained from the isolated segment model by imposing proper

ig. 1 Low pressure steam turbine blading with a shroud cou-
ling „courtesy of Siemens AG-Energy Sector…
Fig. 2 Cyclic symmetric shrouded blade model
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cyclic constraints to the segment’s degrees of freedom �DOF� and
to the nonlinear contact forces. This approach represents an alter-
native, that is more suitable to the finite element method �FEM�,
to the derivation of the EQM based on the full system as presented
in Ref. �14�.

It is assumed that the turbine blading can be treated as a linear
elastic structure. Applying the FEM, the dynamics of the isolated
single segment j, j=1�1�ns, can be computed in the time domain
by the following nonlinear ordinary differential equation

Ms
�j�üs + Cs

�j�u̇s + Ks
�j�us = − �j�fs,nl + �j�fs,e �1�

This EQM is formulated in a coordinate system that can be
viewed as the cyclic frame of reference of the jth segment fixed to
the rotor, see Figs. 2 and 3. In Eq. �1�, the real and symmetric
matrices Ms, Cs, and Ks denote the mass, the viscous material
damping, and the stiffness matrix and the vector �j�us the nodal
displacements of the considered jth isolated segment model, i.e., a
model without cyclic boundary conditions. In the following it is
assumed that the viscous material damping matrix Cs is deter-
mined by Rayleigh’s damping hypothesis, that is Cs=�Ms+�Ks

�15�. On the right-hand side of Eq. �1�, the vector �j�fs,e represents
the excitation forces acting on the airfoil of the jth blade and the
vector �j�fs,nl represents the contact forces acting on the left �index
l� on the right �index r� shroud contact of the jth blade, see Fig. 2.
These contact forces depend nonlinearly on the shroud contact
relative displacements.

The EQM are formulated in a rotating, i.e., noninertial, frame
of reference fixed to the rotor spinning with the constant angular
velocity �r, see Fig. 2. Therefore, the stiffness matrix Ks gener-
ally includes terms accounting for the rotational effects in addition
to the elastic stiffness matrix Ks,e. These additional terms consist
of a geometric stiffness matrix Ks,g��r� describing the stiffening
effect of the centrifugal forces �15� and a spin-softening matrix
Ks,m=−�r

2Ms,m describing the stiffness softening due to the
changing direction of the centrifugal forces �16�. Thus, the stiff-
ness matrix Ks used in Eq. �1� reads as follows:

Ks = Ks,e + Ks,g��r� − �r
2Ms,m �2�

Note that the mass matrix Ms is not identical to the spin-softening
mass matrix Ms,m, see Gasch and Knothe �16�. It is also possible
to include a skew-symmetric gyroscopic matrix Gs in the EQM in
order to consider the Coriolis forces, but in the following these

Fig. 3 Schematic view of the segment model with the used
coordinate systems
effects are assumed to be negligible.
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The displacement vector �j�us of the jth isolated segment model
sed in Eq. �1� can be written as

�j�us = ��j�ul
T �j�ur

T �j�um
T �j�uo

T �T �3�

here the vector �j�ul contains the nodal DOF of the left cyclic
egment boundary interface �the interface between the segments

j−1 and j�, the vector �j�ur contains the nodal DOF of the right
yclic segment boundary interface �the interface between the seg-
ents j and j+1�, the vector �j�um contains the nodal master DOF

nd the vector �j�uo contains the remaining other nodal DOF. Note
hat the nodal DOF where the nonlinear contact forces as well as
he nodal DOF where the excitation forces act on are a subset of
he master DOF, that is ��j�unl,l

T �j�unl,r
T �T� �j�um and �j�ue� �j�um.

hus, imposing cyclic symmetry constraints to the DOF located at
he left and at the right segment interface, that is �j�ul and �j�ur, has
o direct effect on these DOF. The structural matrices of the con-
idered isolated segment are partitioned according to the structure
f the displacement vector given in Eq. �3�. The structural matri-
es for the considered isolated segment can be easily computed
sing commercial finite element codes like ANSYS. The computed
atrices can be exported, so they are available for the use in an

xternal nonlinear forced response code.
In the following, it is assumed that the considered turbine blad-

ng is subjected to a so-called traveling wave type excitation, see
efs. �10,12,14�. As the bladed disk rotates with the angular ve-

ocity �r, it is subjected to the pressure field, which has a constant
ut nonuniform spatial periodic distribution with respect to a cy-
lic inertial frame of reference. The integration of this pressure
eld in the sense of the FEM results in the consistent nodal exci-

ation forces �15�. Because of the spatial periodicity of the pres-
ure field, the resulting consistent nodal forces exhibit also a spa-
ial periodicity in the cyclic inertial frame of reference and can
herefore be expanded in terms of an infinite Fourier series. Trun-
ating this infinite Fourier series to nh harmonics and transforma-
ion of the excitation forces into cyclic rotating frame of reference
xed to the rotor results in the periodic excitation of the jth seg-
ent, which reads

�j�fs,e = R��
n=0

�

�j�f̂s,e
�n�ein�� = R��

n=0

�

�1�f̂s,e
�n�ein��−�j−1��m�� �4�

or j=1�1�ns using the phase shift angle defined as �m=m� with
he segment angle �=2� /ns, the fundamental spatial periodicity m
nd the dimensionless time � defined as �=m�rt. Note that in the
ase of a monofrequent traveling wave type excitation, the spatial
eriodicity m is also called the engine order �EO� and conse-
uently, the traveling wave type excitation is referred to as an
ngine order excitation. From Eq. �4�, it can be seen that the
xcitation forces formulated in the cyclic rotating frame of refer-
nce represent a traveling wave type excitation, which is traveling
n the opposite direction to the rotational direction of the rotor, see
ig. 2.

2.2 The MHBM for the Calculation of the Steady-State
olution. The steady-state response of the considered jth segment

s of interest when the turbine blading is subjected to a periodic
xcitation as in the case of the considered traveling wave type
xcitation. To compute the steady-state response, the nonlinear
QM given in Eq. �1� are solved in the frequency domain owing

o the high computational efficiency of this approach. To this end,
alerkin’s method is used in combination with truncated Fourier

eries representation of the displacements and of the nonlinear
ontact forces to obtain an approximate solution of the steady-
tate response. The use of Galerkin’s method in combination with
n approximation of unknown displacements in terms of a trun-
ated Fourier series is also known as the multiharmonic balance
ethod. Therefore, the displacement vector �j�us of the jth seg-

ent can by written as

ournal of Engineering for Gas Turbines and Power
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�j�us = R��
n=0

nh

�j�ûs
�n�ein�� �5�

Furthermore, since the displacements are assumed to be periodic
and since the contact forces depend nonlinearly on the relative
displacements that are also periodic since they are computed from
the periodic displacements, the nonlinear contact forces �j�fs,nl are
also expressed in terms of truncated Fourier series and read as

�j�fs,nl = R��
n=0

nh

�j�f̂s,nl
�n� ein�� �6�

The number of harmonics nh in Eqs. �5� and �6� must be chosen to
approximate the dynamics of the structure with sufficient accu-
racy. It is assumed that the periodic response of the structure given
in Eq. �5� contains only superharmonics of the fundamental period
of vibration T=2� /m�r, where m is again the spatial periodicity
of the response, but it is easily possible to modify this truncated
Fourier series approximation in order to include subharmonics
into the analysis. Using the Fourier series expressions for the ex-
citation in Eq. �4�, for the displacements in Eq. �5�, and for the
nonlinear contact forces in Eq. �6� in the complex notation, the
EQM given in Eq. �1� for the isolated jth segment can be rewritten
as

�
n=0

nh

��− �nm�r�2Ms + inm�rCs + Ks�
�j�ûs

�n� + �j�f̂s,nl
�n� − �j�f̂s,e

�n��ein� � 0

�7�
Note that in this equation the left-hand side is not exactly zero
since the Fourier series expression for the segment’s displacement
vector given in Eq. �5� is only an approximation of the real dis-
placements. By applying Galerkin’s procedure to Eq. �7�, the
EQM can be transformed into the frequency domain and a set of
nonlinear algebraic equations is obtained that has to be solved for
the unknown amplitudes of the displacement vector, i.e., �j�ûs

�n�

with n=0�1�nh. For n=0, the static equilibrium equation

Ks
�j�ûs

�0� + �j�f̂s,nl
�0� − �j�f̂s,e

�0� = 0 �8�
is obtained and included in the analysis. Introducing the complex
segment dynamic stiffness matrix

Ŝs
�n� = − �nm�r�2Ms + inm�rCs + Ks �9�

for the harmonic component n, n=1�1�nh, the dynamic equilib-
rium for the nth harmonic component can be written in a form
similar to the static equilibrium given in Eq. �9�, i.e.,

Ŝs
�n��j�ûs

�n� + �j�f̂s,nl
�n� − �j�f̂s,e

�n� = 0 �10�

for n=1�1�nn. The system of nonlinear equations formed by Eqs.
�8� and �10� has to be solved iteratively for the unknown ampli-
tudes of the displacement vector of the jth segment because of the
nonlinear contact forces. Note that this system of nonlinear equa-
tions still represents the dynamics of an isolated segment model,
that is a model without cyclic symmetry constraints. These bound-
ary conditions will be imposed on the system in the next section.

2.3 Formulation of Cyclic Symmetry Constraints. In the
first step, the cyclic symmetry constraints are imposed on the
linear part of the equation system given by Eqs. �8� and �10� for
the nonlinear dynamics of the isolated jth segment. Since the con-
sidered bladed disk is excited by a traveling wave type excitation
it is assumed that the steady-state vibration response represents
also a traveling wave. Therefore, a unique relationship between
the nodal DOF of the left segment interface and the nodal DOF of
the right segment interface, see Fig. 3, can be formulated in the
cyclic frame of reference. This relation for the periodic response
can be formulated in the time domain for the considered jth seg-

ment and reads

AUGUST 2010, Vol. 132 / 082501-3
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�j�ur��� = �I � A��j�ul�� − �m� �11�

here I is an identity matrix of appropriate size and the rotation
atrix A defines the coordinate transformation between the cyclic

rames of references of adjacent segments. The symbol � used in
q. �11� defines the Kronecker product. The relationship given in
q. �11� is used to impose the cyclic symmetry boundary condi-

ions on the linear elastic structure. In accordance with Eq. �5�, the
runcated Fourier series representation of the nodal DOF of the
ight segment interface of the jth segment can be written as

�j�ur = R��
n=0

nh

�j�ûr
�n�ein�� = R��

n=0

nh

e−in�m�I � A��j�ûl
�n�ein��

�12�
sing Eq. �11�. By considering the partitioning of the segment’s
isplacement vector given in Eq. �3�, the cyclic constraints for the
th harmonic component can be stated as

�j�ûs
�n� = T̂�n��j�û�n� �13�

ith the displacement amplitudes of the cyclic segment model of
he jth segment

�j�û�n� = ��j�ûl
�n�T �j�ûm

�n�T �j�ûo
�n�T �T �14�

nd the cyclic symmetry constraint matrix for the nth harmonic
omponent

T̂�n� = 	
I 0 0

e−in�m�I � A� 0 0

0 I 0

0 0 I

 �15�

n a more suitable matrix form. Substitution of the vector �j�ûs
�n� in

qs. �8� and �10� by the cyclic constraint expression given in
q. �13� for n=0�1�nh and multiplying these equations with the
orresponding complex conjugate transpose of the cyclic symme-
ry constraint matrix from the left-hand side results in

K̂�0��j�û�0� + �j�f̂nl
�0� − �j�f̂e

�0� = 0 �16�

or the static equilibrium equation �n=0� and in

Ŝ�n��j�û�n� + �j�f̂l
�n� − �j�f̂e

�n� = 0 �17�

ith

Ŝ�n� = − �nm�r�2M̂�n� + inm�rĈ
�n� + K̂�n� �18�

or the dynamic equilibrium equation of the nth harmonic compo-

ent with n=1�1�nh. The complex mass matrix M̂�n�, the viscous

aterial damping matrix Ĉ�n�, and the stiffness matrix K̂�n� are
ermitian because of the application of the cyclic symmetry con-
traints to the considered isolated segment model and have the
ollowing form:

�̂�n� = �0 + e−in�m�1 + ein�m�1
T �19�

or �=M ,C ,K. Thus, these matrices depend on the actual har-
onic n and on the phase shift angle �m �10,17�. Note that only

he DOF of the right segment interface DOF are eliminated by
mposing the cyclic symmetry constraints. Thus, the vector of the
eft contact forces, the vector of the right contact forces and the
ector of the excitation forces are not directly affected by this
peration.

In the second step, the cyclic boundary conditions are imposed
n the nonlinear contact forces. As already mentioned, the nonlin-
ar contact forces depend on the relative displacements between
he contacting nodes. Using the cyclic symmetry constraints in an
nalogous way to Eq. �11�, the relative displacements of the left
hroud contact �contact j−1� can be expressed in the left shroud

ontact coordinate system, see Fig. 3, as follows:

82501-4 / Vol. 132, AUGUST 2010
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�j−1�wnl��� = �I � Al�
�j�unl,l��� − �I � Ar�

�j−1�unl,r���

= �I � Al�
�j�unl,l��� − �I � Ar�

�j�unl,r�� + �m� �20�

The rotation matrices Al and Ar used in Eq. �20� define the coor-
dinate transformation from the cyclic coordinate system of the
considered segment model into the left and the right shroud con-
tact coordinate system, respectively. These two rotation matrices
are related by Al=ArA. The expression for the relative displace-
ment given in Eq. �20� can also be expressed in terms of a trun-
cated Fourier series by using cyclic constraints in a similar way as
in Eq. �12�, which reads as

�j−1�wnl��� = R��
n=0

nh

�j−1�ŵnl
�n�ein��

= R��
n=0

nh

��I � Al�
�j�ûnl,l

�n� − ein�m�I � Ar�
�j�ûnl,r

�n� �ein��
�21�

Comparing the complex Fourier coefficients in Eq. �21� it be-
comes obvious how to compute the relative displacement ampli-
tudes �j−1�ŵnl

�n�. The nonlinear contact force at the left shroud con-
tact can be computed based on the given relative displacement
using an appropriate contact model as shown in Sec. 4. Since the
computed relative displacement is periodic, the resulting nonlinear
contact force will also be periodic and can be written as

�j�fnl,l��� = R��
n=0

nh

�j�f̂nl,l
�n� ein�� �22�

formulated in the left shroud contact coordinate system. Since the
forced response computation is performed in the cyclic coordinate
system of the jth segment, the contact forces in Eq. �22� have be
transformed from the left shroud contact coordinate system into
the cyclic coordinate system using the extended rotation matrix
I � Al

T. Because of the assumed cyclic symmetry of the considered
system and because of Newton’s third law, the nonlinear contact
forces acting on the right shroud contact of the considered jth
segment, that is �j�fnl,r���, can directly be obtained from �j�fnl,l���
by

�j�fnl,r��� = − �j�fnl,l�� − �m� �23�

Note that the right shroud contact forces �j�fnl,r��� are formulated
in the right shroud contact coordinate system. Therefore, a coor-
dinate transformation using the extended rotation matrix I � Ar

T is
again necessary in order to express the right shroud contact forces
in the cyclic coordinate system of the jth segment. Using Eqs.
�22� and �23�, the right shroud contact forces can be rewritten as

�j�fnl,r��� = R��
n=0

nh

�j�f̂nl,r
�n� ein�� = − R��

n=0

nh

e−in�m�j�f̂nl,l
�n� ein��

�24�
With Eq. �22� and Eq. �24� and the proper extended rotation ma-
trices, the only nonzero component of the nonlinear contact force

amplitude �j�f̂nl formulated in the cyclic frame of reference can
finally be expressed as

��I � Al
T��j�f̂nl,l

�n�

�I � Ar
T��j�f̂nl,r

�n� � = � �I � Al
T��j�f̂nl,l

�n�

− e−in�m�I � Ar
T��j�f̂nl,l

�n� � � �j�f̂nl
�n� �25�

for n=0�1�nh.

2.4 Contact Model. The contact forces at a particular contact
node pair of the left shroud contact are computed for a given
three-dimensional periodic relative displacement using a three-

dimensional node-to-node contact element. This element is based
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n the one-dimensional friction contact model with normal load
ariation that is widely used in the nonlinear forced response
nalysis of frictional constraint structures �18,19�. A schematic
iew of this contact model is shown in Fig. 4. The three-
imensional relative displacement is expressed in the shroud con-
act coordinate system and decomposed into two perpendicular
ne-dimensional in-plane tangential components wt,1��� and

t,2��� and an out-of-plane normal component wn���. The one-
imensional friction contact model with normal load variation is
mployed because it is assumed that the in-plane tangential com-
onents of the contact force are independent from each other. This
ssumption is commonly used in the calculation of the nonlinear
orced response of structures with frictional constraints, see Refs.
19–23�. A fully coupled version of the node-to-node contact ele-
ent is presented in Refs. �4,5�.
The one-dimensional contact model with normal load variation

s used to compute the periodic contact forces, i.e., the friction and
he unilateral contact force at the interacting contact node pair, for

given periodic relative displacement taking into account a pos-
ible separation of the normal contact and the stick-slip-separation
ontact states of the tangential contact. The tangential friction
orces are governed by the Coulomb friction law. The possibility
o model an initial gap that affects the normal force as well as the
angential force is also included in the model. The parameters of
he one-dimensional friction contact model with normal load
ariation are the tangential contact stiffness kt, the normal contact
tiffness kn, the coefficient of friction �, and the normal preload

fn,p, see Fig. 4. An initial gap between the nodes of the considered
ontact node pair can be modeled by gn,p=−fn,p /kn. The resulting
onlinear normal and tangential contact forces can be expressed
s follows.

Along the normal direction, an elastic unilateral contact law is
efined as

fn��� = max�fn,p + knwn���,0� �26�
Along the tangential direction, the contact force is defined as

f t��� = kn�wn��� − wn,c� stick

�fn���sgn�wn,c���� slip

0 separation
� �27�

Depending on the normal as well as the tangential contact state
ith the tangential displacement of the Coulomb slider wt,c���, see
ig. 4.
The transition criteria between the individual contact states are

etailed in Refs. �18,19�. Using this one-dimensional contact
odel with normal load variation, the time history of the normal

s well as of the tangential contact force can be computed for a
iven periodic normal and tangential relative displacement. Since
he EQM for the steady-state response are formulated in the fre-

ig. 4 One-dimensional contact model with normal load
ariation
uency domain, the Fourier coefficients of the nonlinear contact
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forces have to be computed for a given set of the Fourier coeffi-
cients of the corresponding relative displacement. This is done
using the alternating frequency time �AFT� method developed in
Ref. �24�, also known as the hybrid frequency time �HFT� method
�10�. In computational applications, the idea of the AFT/HFT
method is to use the fast Fourier transformation �FFT�, see New-
land �25�, to derive the Fourier coefficients of the nonlinear forces
that are evaluated in the time domain for given relative displace-
ments, see Fig. 5. This method is very flexible because the non-
linear contact force is computed in the time domain. Thus, a large
number of different contact models, including for example mi-
croslip and macroslip models, can be easily used within this
framework making this method superior to other procedures. The
key feature of this approach is the extensive use of the FFT lead-
ing to a high computational efficiency.

The relative normal and tangential displacements are computed
in the time domain from their Fourier coefficients ŵt

�n� and ŵn
�n�,

n=0�1�nh, using the inverse FFT. This results in the time history
of the relative displacements evaluated at lth discrete time step as

wn/t�l� = �
k=0

N−1

ŵn/t
�k�eikl2�/N for l = 0�1�N − 1 �28�

where N is the size of the FFT with nh	N. The corresponding
contact forces are also determined at the discrete times and can be
computed efficiently using a time marching procedure �13�. The
normal contact force at the lth time step is computed by

fn�l� = max�fn,p + knwn�l�,0� �29�
The tangential contact forces calculation is based on a predictor-
corrector procedure satisfying at each time step Coulomb’s fric-
tion law and taking possible separation into account. If the contact
state at the lth time step is separation �fn�l�=0� than the resulting
tangential contact force is, in according to Eq. �27�, zero. Other-
wise it has to be checked if the contact is in the stick or in the slip
state. To this end, a prediction of the tangential contact force at the
lth discrete time step is computed by

f t
p�l� = kt�wt�l� − wt,c�l − 1�� = kt�wt�l� − wt�l − 1�� + f t�l − 1�

�30�
assuming that the contact is in the stick state. Based on this pre-
diction, the actual tangential contact force at the lth time step can
be computed in a correction step and reads as

f t�l� = 0 for fn�l� = 0�separation�
f t

p�l� for �f t
p�l�� 
 �fn�l��stick�

�fn�l�sgn�f t
p�l�� for �f t

p�l�� � �fn�l��slip�
� �31�

The tangential displacement of the Coulomb slider is updated at
the lth time step by

wt,c�l� = 
wt�l� separation

wt,c�l − 1� stick

wt�l� −
f t�l�
kt

slip � �32�

After the periodic time history of the tangential and normal con-
tact forces are evaluated by this time marching procedure, the

Fig. 5 Diagram of the AFT/HFT method
corresponding Fourier coefficients are computed by the FFT
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f̂ n/t
�k� =

1

N�
l=0

N−1

fn/t�l�e−ikl2�/N for k = 0�1�N − 1 �33�

ote that only the first nh harmonic components of the normal and
he tangential contact forces are needed for the forced response
omputation, but the FFT computes the Fourier coefficients up to
he N /2-th harmonic component �25�. This can be used to check if
he chosen number of harmonics nh is sufficient for the nonlinear
nalysis �26�.

Following the idea of Cardona et al. �27�, not only the Fourier
oefficients of the nonlinear contact forces but also the corre-
ponding tangent stiffness matrix that is needed for the efficient
terative solution of the EQM can be computed using the AFT/

FT procedure. The partial derivatives �R� f̂ n/t
�k�� /�R�ŵn/t

�h��,
R� f̂ n/t

�k�� /�I�ŵn/t
�h��, �I� f̂ n/t

�k�� /�R�ŵn/t
�h��, and �I� f̂ n/t

�k�� /�I�ŵn/t
�h�� for

,h=0�1�nh have to be computed in order to build up the tangent
tiffness matrix. The AFT/HFT computation of these partial de-
ivatives will be exemplified on the following computation of the
artial derivatives of the kth Fourier coefficient of the contact
ormal force with respect to the real and the imaginary part of the
th Fourier coefficient of the normal relative displacement that
eads as

� f̂ n
�k�

�R�ŵn
�h��

=
�R� f̂ n

�k��
�R�ŵn

�h��
+ i

�I� f̂ n
�k��

�R�ŵn
�h��

=
1

N�
l=0

N−1
� fn�l�

�R�ŵn
�h��

e−ikl2�/N

=
1

N�
l=0

N−1
� fn�l�
�wn

cos�hl
2�

N
�e−ikl2�/N �34�

nd

� f̂ n
�k�

�I�ŵn
�h��

=
�R� f̂ n

�k��
�I�ŵn

�h��
+ i

�I� f̂ n
�k��

�I�ŵn
�h��

=
1

N�
l=0

N−1
� fn�l�

�I�ŵn
�h��

e−ikl2�/N

=
1

N�
l=0

N−1

−
� fn�l�
�wn

sin�hl
2�

N
�e−ikl2�/N �35�

herefore, the AFT/HFT computation of the nonlinear contact
orces Fourier coefficient’s partial derivatives with respect to the
ourier coefficients of the relative displacements can be per-
ormed by evaluating the FFT of the corresponding derivative
ormulated in the time domain multiplied by sine and cosine func-
ions. The partial derivatives in the time domain are easy to evalu-
te as soon as the corresponding contact state is known. The de-
ivative of the normal contact force with respect to a real part of
he hth Fourier coefficient of the normal relative displacement is
iven by

� fn�l�
�R�ŵn

�h��
= 0 separation

kn cos�hl
2�

N
� contact � �36�

he derivatives of the normal contact force with respect to the
maginary parts of the normal relative displacements are com-
uted in a similar way. The derivatives of the normal contact force
ith respect to all Fourier coefficients of the tangential relative
isplacement are zero. The derivative of the tangential contact
orce with respect to the real part of the hth Fourier coefficient of

he tangential relative displacement reads as
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� f t�l�
�R��ŵt

�h��
=

0 separation

kt�cos�hl
2�

N
�−�

�cos�h�l − 1�
2�

N
��+ stick

� f t�l − 1�
�R��ŵt

�h��
0 slip

� �37�

and the derivative of the tangential contact force with respect to
the real part of the hth Fourier coefficient of the normal relative
displacement

� f t�l�
�R��ŵn

�h��
=

0 separation

� f t�l − 1�
�R��ŵn

�h��
stick

�kn cos�hl
2�

N
�sgn�f t

p�l�� slip �
�38�

Again, the derivatives with respect to the imaginary part of the hth
Fourier coefficient of the tangential relative displacement are
computed in a similar way. With these partial derivatives the tan-
gent stiffness matrix of the considered contact element can be
built up. This tangent stiffness matrix is then used to assemble the
Jacobian matrix needed in the calculation of the nonlinear forced
vibrations.

2.5 Resulting Mechanical Model and Solution Procedure.
After imposing the cyclic symmetry constraints on the segment
interface DOF and on the nonlinear contact forces at the left and
at the right shroud contact, the resulting nonlinear system of equa-
tions given by Eqs. �16� and �17� can be solved for the unknown
harmonic coefficients of the displacement �j�û�n�, n=0�1�nh. Since
only the nonlinear DOF are affected by the nonlinear contact
forces, a model reduction to these nonlinear DOF is necessary to
limit the number of unknowns in the nonlinear analysis. Two dif-
ferent techniques were used in the analysis. First, the structural
matrices of the isolated segment model can be extracted from the
finite element code in an already reduced form using the Craig–
Bampton method, for example. After imposing the cyclic symme-
try constraints to the linear part of the system, the technique pre-
sented in Ref. �28� can be used to reduce the number of DOF of
the remaining left segment interface DOF. A further exact reduc-
tion can be performed by using a dynamic condensation as for-
mulated in Ref. �10� for each harmonic n with n=0�1�nh. An
alternative to this combined Craig–Bampton, Tran, and dynamic
condensation is the use of the dynamic compliance matrix build
up based on normal mode shapes as presented in Ref. �14�. A
criterion to chose the required complex mode shapes of the cyclic
system for the assembly of the dynamic compliance matrix is also
given in Ref. �14�. Again, only the part of the nonlinear DOF is
required resulting in a compact model suitable for the nonlinear
forced response analysis.

Since the resulting system has to be solved with a nonlinear
solver, the resulting nonlinear system of equations has to be refor-
mulated in a real form, that is

�j�û�n� = �R��j�û�n��T I��j�û�n��T �T �39�

with similar expressions for the nonlinear contact forces, for the
excitation forces and for the dynamic stiffness matrix and the
dynamic compliance matrix, respectively, see also Petrov �12�, for
example. The system of the nonlinear equations is solved using an
implementation of the hybrid Powell algorithm in combination
with a predictor-corrector continuation method �29�. The hybrid
Powell algorithm is able to approximate the needed Jacobian ma-

trix based on finite differences. The finite difference approxima-
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ion of the Jacobian matrix is very cost-intensive, therefore a great
ain in terms of the computational efficiency is now obtained by
sing the procedure presented in the previous section for the direct
alculation of the Jacobian matrix. In the predictor-step of the
olution procedure, a prediction of the next solution is made based
n a tangent or a secant predictor. In a subsequent correction step,
he prediction is corrected by the nonlinear solver. In this correc-
ion step, an augmented system of nonlinear equations is solved
sing the hybrid Powell algorithm in order to include the excita-
ion frequency as an unknown into the analysis as it is required for
he continuation method, see Seydel �29�. It should be remarked
hat the presented method is not limited to superharmonics only.
y an appropriate choice of the fundamental harmonic in terms of

he spatial periodicity m, subharmonics can directly be included in
he forced response analysis without any modification of the com-
utational procedure �30�.

Numerical Example—Analysis of a Shrouded Blad-
ng

The presented dynamic model is exemplified by the analysis of
he dynamics of a simplified bladed disk coupled by shroud con-
acts shown in Fig. 6. The model was created in the commercial
nite element code ANSYS and consists of 3579 four-node hexa-
edral elements with 5224 nodes. The material properties were
hosen to be according to standard values of steel. The corre-
ponding nodal diameter map of the analyzed system is given in
ig. 7. This model shows essentially the same dynamic properties
s a real shrouded bladed disk. In this example, one node placed
n the middle of the airfoil is excited by a single force ��j�fe,x

�j�fe,z=1 /�2N�. It is remarked that the presented model is also
apable of using a distributed pressure field as an excitation
ource. The vibration response in the z-direction of a node place at
he middle of the tip shroud is shown in the following graphs. The
ibration response is defined as max�uz�l�� for l=0�1�N−1, that is
he maximum of the magnitude of the time signal obtained from
he inverse FFT. The coefficients used in Rayleigh’s damping hy-

Fig. 6 Model of a shrouded turbine blading

ig. 7 Nodal diameter map of the analyzed shrouded turbine

lading
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pothesis for the viscous damping matrix are chosen to be �
=2.5 s−1 and �=1.0�10−7 s. The forced response of the first
vibration family for different numbers of contact node pairs was
virtually identical, therefore only one matching contact node pair
was used in this case to apply the three-dimensional contact ele-
ment. For higher vibration modes this can be different and a
higher degree of discretization will be necessary. This can easily
be achieved by increasing the number of contact node pairs at the
cost of a higher computational effort.

In the first example, the calculation of the forced response un-
der consideration of friction damping effects is done. To this end,
a monofrequent excitation with a spatial periodicity of m=1 has
been selected in order to compare the results for different number
of harmonics nh. This corresponds in this case directly to an en-
gine order type excitation with EO=1 and excites mainly the first
family mode shape of one nodal diameter �backward traveling
wave�. In Fig. 8, the forced response is shown for different normal
preloads fn,p. As the normal load decreases, the maximum re-
sponse also deceases as the friction damping effects increase. The
responses shown in Fig. 8 are computed by using nh=1 �dotted
lines� and nh=3 harmonics �solid lines�. As it can be seen, the
analysis performed with a monofrequent approximation �zero and
first order terms� leads to an overestimation of the response com-
pared with the result computed with three harmonics �zero, first,
second, and third order terms�. In addition, the response computed
for a fully stuck contact is also shown in this figure. The question
arises how many harmonics have to be kept in the analysis in
order to obtain converging results. A convergence study revealed
that an approximation using three harmonics gives good results
with a satisfactory computational effort compared with higher or-
der approximations. In Fig. 9, results are shown again for an ex-
citation with m=1 and a static preload of fn,p=50 N. The re-
sponse computed with just one harmonic �nh=1� overestimates in
this case the response. Increasing the number of harmonics to
more than three results only in minor modifications of the re-
sponse.

Fig. 8 Response for different values of the normal preload
„spatial periodicity m=1…

Fig. 9 Response for a different number of harmonics „spatial

periodicity m=1, normal preload fn,p=50 N…
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In the second example, the response of the shrouded blading is
omputed by considering the effect of an initial gap on the dy-
amics of the system. It is assumed that an initial gap of g
0.1 mm exists between the two shroud contact interfaces. A

patial periodicity of m=3 is assumed in this analysis. Again, the
xcitation is modeled as monofrequent and, therefore, corresponds
o an engine order type excitation with EO=3. In Fig. 10, the
esponse is shown for different number of harmonics. The strong
onlinear stiffening effect of the elastic impact on the vibration
esponse can be clearly seen in this graph. If the amplitude of the
esponse is low, the shroud interfaces do not get in contact and the
ystem behavior is linear. As soon as the amplitude levels reach a
imit given by the gap g between the shroud contact interfaces,
lastic impacts occur resulting in strong stiffening effects. The
orresponding relative displacement amplitude in the normal di-
ection of the shroud contact is shown in Fig. 11. The effect of the
nitial gap �g=0.1 mm� on the relative displacement response is
learly visible. It should be noted that during the elastic impacts
lso a tangential sliding occurs in the contact leading to an energy
issipation. Therefore, the coefficient of friction has also a strong
mpact on the response of a system with an initial gap, see Fig. 12.
he other important contact parameter in the analysis of a system
ith an initial gap is the contact stiffness. A high value of the

ontact stiffness is necessary to represent the dynamics of the
ystem with sufficient accuracy. Unfortunately, a high contact
tiffness value can lead to numerical problems in the points of the
requency response where the system changes its behavior from
inear to nonlinear and vice versa. A study of the effect of the
ontact stiffness is shown in Fig. 13 for an approximation of the
esponse using three harmonics. Increasing the value of the con-
act stiffness leads to a strong increase in the stiffening effect
aused by the elastic impacts accompanied by a reduction in the
aximum response. Converged results in terms of the resonance

requencies for the fully coupled case have been obtained for a
ontact stiffness of ki=1.0�107 N /m, i=x ,y ,z, by using a
ethod presented in Ref. �8�.

ig. 10 Response for a different number of harmonics „spatial
eriodicity m=3, initial gap g=0.1 mm…

ig. 11 Relative displacement response in normal direction
or a different number of harmonics „spatial periodicity m=3,

ap g=0.1 mm…
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4 Summary and Outlook
In this paper, a MHBM has been derived in detail for the cal-

culation of the nonlinear forced response of cyclic symmetric
bladed disk models. The description of the bladed disk is based on
three-dimensional finite element models. In order to describe the
contact forces with sufficient accuracy, a state-of-the-art three-
dimensional contact model capable of representing the possible
stick-slip-separation contact states has been applied. The resulting
periodic contact forces are computed in the time domain and
transformed into the frequency domain using the FFT according to
the AFT/HFT procedure. This approach was chosen because of its
high flexibility to include also other friction characteristics than
the Coulomb friction law. The chosen AFT/HFT approach leads to
a very fast computation of the resulting frequency domain repre-
sentation of the nonlinear contact forces due to the high efficiency
of the FFT algorithm. Furthermore, a formulation for the tangent
stiffness matrix of the three-dimensional contact model consistent
with the AFT/HFT formulation and the FFT has been given for the
first time. The use of this tangent stiffness matrix to build up the
Jacobian matrix needed in the nonlinear solution procedure leads
to great advantage in terms of computational efficiency compared
with previously used finite difference computations of the Jaco-
bian matrix. The resulting system of nonlinear equations is solved
using a predictor-corrector continuation method. It should be
noted that also the zero order term, that is the static term, is
included within this MHBM analysis. The presented mechanical
model has been implemented in a numerical code and is exempli-
fied by analyzing the nonlinear dynamics of a turbine blading
coupled by shrouds. The friction damping effect as well as the
effect of an initial gap on the system’s response has been shown.
In a further work, this code will be used for extensive numerical
studies of shrouded blading dynamics. Furthermore, the capability
of the code will be extended in terms of a stability analysis using
Hill’s or Floquet’s theory.

Fig. 12 Relative displacement response for different values of
the coefficient of friction „spatial periodicity m=3, gap g
=0.1 mm…

Fig. 13 Response for different values of the contact stiffness

„spatial periodicity m=3, gap g=0.1 mm…
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